The equation for evolution of the four-component Stokes vector in weakly anisotropic and smoothly inhomogeneous media is derived on the basis of a quasi-isotropic approximation of the geometrical optics method, which provides the consequent asymptotic solution of Maxwell's equations. Our equation generalizes previous results obtained for the normal propagation of electromagnetic waves in stratified media. It is valid for curvilinear rays with torsion and is capable of describing normal mode conversion in inhomogeneous media. Remarkably, evolution of the four-component Stokes vector is described by the Bargmann-Michel-Telegdi equation for relativistic spin precession, whereas the equation for the three-component Stokes vector resembles the Landau-Lifshitz equation describing spin precession in ferromagnetic systems. The general theory is applied for analysis of polarization evolution in a magnetized plasma. We also emphasize fundamental features of the non-Abelian polarization evolution in anisotropic inhomogeneous media and illustrate them by simple examples.
INTRODUCTION
There are two main approaches for the description of electromagnetic wave propagation and polarization evolution in weakly anisotropic media. The first one deals with coupled wave equations for the components of the electromagnetic wave field. In stratified media it is Budden's method [1] [2] [3] [4] , whereas the modification of Budden's approach for an arbitrarily inhomogeneous medium was suggested in [5] in the form of a quasi-isotropic approximation (QIA) of the geometrical optics method. The QIA was developed in depth in subsequent publications [6] [7] [8] [9] . The second, alternative approach-the Stokes-vector formalism (SVF), initiated in [10, 11] (see also [12] ), was applied for the purposes of fiber [13] and plasma polarimetry [14] [15] [16] [17] [18] [19] [20] [21] . Basically, it was developed for the simplest refractionless case of normal propagation in a stratified medium; the effect of refraction is discussed briefly in [17] . This approach deals with the evolution equation for the Stokes vector and, thus, describes the polarization evolution explicitly in terms of standard parameters. In contrast to the coupled wave equation approach, the SVF operates with quantities that are quadratic in the field variables.
Comparative analysis of the two approaches mentioned was performed by Segre in [19] , where he analyzed advantages and shortcomings of each technique, omitting their deep underlying equivalence. In fact, the QIA and SVF equations represent, respectively, differential Jones and Mueller calculi of the polarization evolution along the ray [11, 13, 20] . It was shown recently [22] that the evolution equation for the three-component Stokes vector can be derived for the general case of an arbitrarily inhomogeneous smooth refractive medium directly from Maxwell's equations on the basis of a formal quantum mechanical approach. In such a framework, the QIA and SVF equations are just Schrodinger-and Heisenberg-type representations of the same polarization evolution equation, where the Stokes vector plays the role of the pseudospin in the problem.
In the present paper we intend to derive the evolution equation for the full (four-component) Stokes vector directly from the QIA and thereby to reveal the equivalence of the two techniques under discussion. Our Stokes-vector equation generalizes previous results (obtained for the refractionless case) to the general case of arbitrarily inhomogeneous media and curvilinear rays. The paper is organized as follows. Section 2 presents the basic equations of the QIA in different coordinate systems, including Popov's rotationless frame. Section 3 derives equations for the four-component Stokes vector from the QIA for a weakly anisotropic medium of general type. Section 4 applies the general theory for analysis of Stokes-vector evolution in a weakly anisotropic collisional plasma. Finally, Section 5 analyses fundamental features of the polarization evolution in weakly anisotropic inhomogeneous media (such as the normal mode conversion and non-Abelian nature of the polarization evolution), which are illustrated by simple examples.
QUASI-ISOTROPIC APPROXIMATION
The geometrical optics method describes propagation of waves in smoothly inhomogeneous media. Let k 0 =2 / 0 be the wave number in vacuum ( 0 is the wavelength), whereas L is the characteristic scale of the medium inhomogeneity. Applicability of the geometrical optics requires the inequality
where G is the geometrical optics small parameter [8, 9, 23] .
In a weakly anisotropic medium, the dielectric tensor consists of the predominant isotropic permittivity 0 and small anisotropic part :
where Î a is the unit matrix of the ath rank. It is convenient to characterize the weak anisotropy by the small parameter
in addition to the traditional geometrical optics parameter (1). The solution of Maxwell's equations for a monochromatic wave field,
for the case of a weakly anisotropic and smoothly inhomogeneous medium can be obtained by asymptotic expansion of the electromagnetic wave field E with respect to the combined small parameter,
This results in the equations of the QIA of the geometrical optics method [5] [6] [7] [8] [9] . In the lowest order QIA, the monochromatic electromagnetic wave field has the form of a transverse wave,
In the frame of QIA theory weak anisotropy influences polarization vector ⌫ rather than the eikonal ⌿ and amplitude A: the latter obey the same equations as in the isotropic medium. Thus, for a lossy medium with complex 
where the overdot stands for the derivative with respect to and ٌ Ќ = ٌ−l͑l ٌ ͒. Solution of transport equation (8) can be presented as the solution for a nondissipative medium with the additional attenuation factor exp͑−k 0 ͐ 0 n 0 Љd͒ [8, 9] .
Let us introduce the unit vectors e 1 and e 2 , which are orthogonal to each other and to the unit vector l = ṙ , tangent to the ray: e 1 e 2 = e 1 l = e 2 l = 0. Polarization vector ⌫ of transverse wave (6) can be expanded in the basis ͑e 1 , e 2 ͒ as
so that ⌫l = 0. The longitudinal component of the polarization vector ⌫ appears only in the first order in small parameter [5] [6] [7] . In the general case the basis ͑e 1 , e 2 ͒ might rotate about tangent vector l. Let be the angle of rotation of the basis ͑e 1 , e 2 ͒ with respect to the Frenet basis ͑n , b͒, consisting of the principal normal n and binormal b to the ray, as shown in Fig. 1 . Then
According to [5] [6] [7] the polarization vector (10) satisfies the following QIA equation:
ͬ .
͑12͒
Here h =2͑ + ͒n 0 Ј / k 0 , is the ray torsion, and ab = e a e b , a , b =1,2, are the transverse components of the tensor in the basis ͑e 1 , e 2 ͒. Matrix Ĵ represents the differential Jones matrix up to factor i / 2, which is introduced for convenience in what follows. The torsion is defined by relation = bṅ , stemming from the Frenet-Serret formulas 
͑13͒
Here K is the ray curvature. At ϵ 0 basis ͑e 1 , e 2 ͒, [Eqs. (11) ], coincides with the Frenet normal-binormal basis ͑n , b͒. However, QIA equations (12) take the simplest form in frame of the rotationless (relative to the ray tangent l) basis first introduced by Popov [24] to form a curvilinear orthogonal coordinate system, attached to the ray. This system is characterized by
and is widely used in the theory of diffraction and geophysics [25] [26] [27] . Using Frenet-Serret formulas (13) and Eq. (14), one can show that basis vectors (11) obey the equation
which describes the parallel transport of vectors e 1 and e 2 along the ray [28] . According to Eq. (15), derivatives ė i have no components along normal n and binormal b, so that the unit vectors e i do not experience rotation about the ray. From Eq. (14), h = 0, and the Jones matrix becomes proportional to the transverse sector of the anisotropy tensor :
͑16͒
Hereafter we will use only the parallel transport coordinate frame, Eqs. (14)- (16) . For derivation of the evolution equation for the Stokes vector it is useful to write QIA equation (12) in the basis of circularly polarized waves related to the same Popov's coordinate frame. Transition to this basis is realized through the substitutions
in Eq. (12) . Matrix Ĵ , as well as any 2 ϫ 2 matrix, can be represented as a superposition of basic unit and Pauli matrices:
and G ␣ is a complex four-component vector (greek indices take the values 0, 1, 2, 3, and summation over repeated indices is assumed). As a result, QIA equation (12) takes the form
where, in terms of the anisotropy matrix, vector G ␣ equals
Real and imaginary parts of G ␣ correspond to the Hermitian and anti-Hermitian parts of the dielectric tensor (or Jones matrix), and thus are responsible for nondissipative and dissipative phenomena, respectively.
EQUATION FOR STOKES-VECTOR EVOLUTION
The four-component Stokes vector S ␣ is defined by [23] 
Alternatively, these expressions can be written as [use Eqs. (17)]
By differentiating this expression and using QIA equation (19), we obtain
where square and curly brackets stand for commutators and anticommutators, respectively. Using commutation relations for the Pauli matrices and definition (22), we arrive at equations for the evolution of the Stokes vector:
where G = ͑G 1 , G 2 , G 3 ͒ and S = ͑S 1 , S 2 , S 3 ͒ are the corresponding three-vectors. Equations (24) can be represented in matrix form:
where M is the differential Mueller matrix for a weakly anisotropic inhomogeneous medium.
Equation (25) is the central result of this paper. One can verify that it is completely equivalent to the corresponding equation in the paper by Azzam [11] , but, in contrast to the latter, it is valid for arbitrary 3D smoothly inhomogeneous media and curved rays. Transition from QIA equations to the Stokes-vector evolution equation has meaning of transition from the Jones to Mueller calculus. As we have shown, it is realized through complex fourcomponent vector G ␣ , which gives decomposition of the Jones matrix with respect to basic Pauli matrices; cf. [13, [29] [30] [31] [32] [33] .
Matrix M can be presented as a sum of three terms [11, 20] :
The first, the attenuation component,
describes attenuation common for all components of the Stokes vector. The second, the dichroic term
corresponds to the attenuation responsible for dichroism, that is, for selective attenuation of normal modes. Last, the matrix
describes birefringence. Note that the quantity Re G 0 does not appear in Eq. (25), which means that the total phase of the wave is lost in the Stokes-vector evolution equation. Only the phase difference between polarization modes can be retrieved from Re G i . It is worth remarking that Eq. (25) for the Stokesvector evolution can be written in the form of the relativistic equation of the spin precession in an external electromagnetic field. Indeed, by assuming relativistic lowering and raising of indices (so that S 0 =−S 0 ), we have
where S ␣ plays the role of the spin four-vector, and
is the antisymmetric tensor of the effective external electromagnetic field. Here the imaginary and real parts of complex three-vector G represent analogs of the electric and magnetic fields. Apart from the last attenuation term, Eq. (30) is equivalent to the Bargmann-Michel-Telegdi equation, which follows from the Dirac equation and describes the relativistic spin precession [34] [35] [36] [37] . This fact is a consequence of close relations between polarization optics and the Lorenz group; see [29] [30] [31] [32] [33] . It follows from Eq. (30) that if Im G 0 = 0, the norm of the Stokes fourvector is conserved: S ␣ S ␣ = S 1 2 + S 2 2 + S 3 2 − S 0 2 = constant; for a fully polarized wave it equals zero.
For some problems it is important to know the polarization evolution on the Poincaré sphere, which is represented by the three-component normalized Stokes vector s = S / S 0 . The evolution equation for s can be readily obtained by differentiating its definition using Eqs. (24) . As a result we arrive at
which resembles the Landau-Lifshitz equation for the spin (magnetization) precession in ferromagnetic systems [38, 39] . Equation (32) ensures that the absolute value of the three-component Stokes is conserved: s 2 = constant (it equals unity for a fully polarized wave). In the nondissipative medium, Im G ␣ =0, Eq. (32) is reduced to the usual linear precession equation:
where we denote ⍀ =Re G. This equation also follows immediately from Eqs. (25) or (30) when M a = M d = 0 and S 0 = constant. It has been derived in the general case in [22] ; in [17] it was introduced phenomenologically in the Frenet ray coordinate frame, with an additional term proportional to the ray torsion. If ⍀ = constant, the solution of Eq. (32Ј) can be written as
where
is operator of rotation on angle ⍀ about vector ⍀. The fact that the Stokes vector obeys the spin precession equation is quite natural, because QIA equation (19) (apart from the diagonal term with G 0 ) has the form of the Schrödinger equation for spin 1/2 in an external magnetic field G; cf. [22] .
STOKES-VECTOR EVOLUTION IN A MAGNETIZED PLASMA
In this section we will apply Eqs. (25)- (32) to analysis of the Stokes-vector evolution in a weakly anisotropic plasma, considering far-IR, submillimeter, and millimeter wavelength ranges typical for plasma polarimetry. In a coordinate system with the z axis aligned with the external magnetic field B 0 , the dielectric tensor of a magnetoactive electron plasma has the form 
͑34͒
In the frame of a simple collisional model for electron plasma one has [1] [2] [3] 
, w = eff are the standard dimensionless plasma parameters. Weak dissipation implies
whereas weak anisotropy, condition (3), requires
Note that only one of the parameters u and v has to be small, while the other one can be comparable with unity. Linearization with respect to small collision parameter w reduces Eqs. (35) to
where new dimensionless parameters are involved:
͑39͒
Let and be spherical angles indicating the direction of the magnetic field B 0 in Popov's ray coordinate frame with basis vectors ͑e 1 , e 2 , l͒, Fig. 2 
where n 0 = ͱ 1−V. Finally, substituting Eqs. (43) into Eqs. (25)- (29), we obtain the differential Mueller matrix for a weakly anisotropic magnetized plasma. The attenuation, dichroism, and birefringence components equal, respectively, 
͑46͒
In the case of collisionless plasma, w = 0, when M a = M d = 0 and S 0 = constant, the evolution of the Stokes vector is described by precession equation (32Ј) with
Expressions (44)- (47) are similar to Segre's results [20, 21] , obtained for rectilinear rays, but in contrast to the latter they are applicable to the wave propagation along curved rays with torsion. Furthermore, some explicit distinctions are observed. In particular, [20, 21] do not contain the term with Q in Eq. (44) (it can be substantial when u is not small), and the elements of matrix (45) are twice as large as the corresponding matrix elements in [20, 21] (the reason is an arithmetic inaccuracy in [20] ). Note also that difference in signs in some terms is related to the sign difference in the definition of S 3 .
NONCOMMUTATIVITY OF THE POLARIZATION EVOLUTION AND CONVERSION OF NORMAL MODES
Remarkably, the SVF naturally describes all nontrivial features of the polarization evolution of waves in weakly anisotropic inhomogeneous medium, such as the mutual conversion of normal modes. In [22] it has been associated with a non-Abelian (noncommutative) character of the polarization evolution in anisotropic inhomogeneous media, which can be readily understood by considering the nondissipative case described by precession equation (32Ј). Indeed, this equation describes SO͑3͒ evolution on the Poincaré sphere that corresponds to U͑2͒ evolution in terms of QIA equation (19) with Im G ␣ = 0. If the medium is homogeneous, the evolution of the Stokes vector is a rotation about fixed vector ⍀ = constant, Eq. (33), and two polarization states with stationary Stokes vectors,
correspond to the independent normal modes of the medium. In contrast, if the medium is inhomogeneous, vector ⍀ varies along the ray, ⍀ = ⍀͑͒, and evolution of the Stokes vector consists of SO͑3͒ rotations about different instant axes. Such rotations do not commute with one another, which evidences the non-Abelian character of the evolution. There are no independent modes in this case: even if initial and final directions of ⍀ coincide, the Stokes vector does not come back to its original direction. If the Stokes vector represents one of the normal modes at the input, s in = s ± , the output Stokes vector, s out , will be different. Then, the coefficient of the transformation to the other mode, opposite to s in , can be defined as
Below we illustrate the noncommutative character of the polarization evolution and the mode conversion by several examples. For simplicity, we consider a discretely inhomogeneous medium consisting of few homogeneous segments. Although sharp boundaries violate condition (1), the geometrical optics approximation can be applied via matching of solutions in each homogeneous part with the help of boundary conditions at the interfaces. We suppose that the boundary conditions provide continuous evolution of the Stokes vector; i.e., it does not experience jumps at the interfaces. All further examples can be applied to smoothly inhomogeneous media as well via the differential limit of the discretely inhomogeneous medium consisting of many small segments separated by lowcontrast interfaces.
First, consider propagation of a wave through two homogeneous segments, characterized by vectors ⍀ I and ⍀ II , Fig. 3(a) . By involving solution (33) for each homogeneous segment and supposed continuity of the Stokes vector evolution, one can determine the Stokes-vector at the output of the system:
͑50͒
Here I and II are the lengths of the two segments. Then, let us interchange two segments as shown in Fig. 3(a) .
Evidently, the output Stokes vector of such a system will be given by
͑51͒
In the general case, rotations about different axes do not commute, and s out Ј s out , even if the input state was a normal mode of the first medium: s in = ±⍀ I / ⍀ I . This indicates the non-Abelian nature of the polarization evolution in a weakly anisotropic inhomogeneous medium.
Second, let the medium consist of three homogeneous segments: two equivalent side segments and a distinct middle one, Fig. 3(b) . The Stokes vector at the output of such a system equals
Because of the noncommutativity of rotations, the output polarization state differs from the input one, even if the input state corresponded to normal mode of the first medium, s in = ±⍀ I / ⍀ I . This evidences conversion of normal modes in inhomogeneous anisotropic medium. As an example of the mode conversion, let us consider the magnetoactive plasma discussed in Section 4. Assuming an inplane external magnetic field, = 0, expression (47) yields
Here the third component is proportional to the longitudinal magnetic field component B 0ʈ and responsible for the Faraday effect, whereas the first component is proportional to the square of the transverse magnetic field component, B 0Ќ 2 , and corresponds to the Cotton-Mouton effect. If u 1, the Cotton-Mouton effect is noticeable only when the magnetic field is near orthogonal to the wave propagation direction, i.e., Ϸ /2 [1] [2] [3] [4] 6, 7, [40] [41] [42] . Let the medium depicted in Fig. 3(b) consist of magnetoactive plasmas with equal parameters and different directions of the external magnetic field. In the first and the third segments the Cotton-Mouton term is negligible, while in the second one = / 2 and the Faraday effect vanishes, so that
The normal modes of Faraday medium I are circularly polarized waves, and we set s in = s ± = ±͑0,0,1͒. Then by applying Eq. (52) with Eq. (54), we arrive at s out s in = cos͑⍀ II II ͒, so that transformation coefficient (49) equals
Finally, the polarization evolution in a weakly anisotropic medium can be nonreversible. Let the wave propagate through a homogeneous segment of magnetoactive plasma and come back via the same path, Fig. 3(c) . We assume that the wave does not change its polarization state as it turns back (e.g., it can be reflected by a corner reflector). Then, the backward path is equivalent to the forward one with the inversion of the external magnetic field: B 0 → −B 0 . However, vector ⍀, Eq. (53), is neither an even nor an odd function of B 0 (the Faraday and Cotton-Mouton terms are odd and even functions, respectively). As a result, the problem is similar to the problem of the wave propagation through two different segments, Eq. (50), with
͑56͒
and I = II . After two rotations about different vectors (56), the output polarization state will differ from the input one: s out s in , even if the input state was a normal mode of the medium: s in = ±⍀ I / ⍀ I . This indicates the nonreversibility of the polarization evolution and conversion of modes under double passage through the magnetoactive medium.
CONCLUSION
To summarize, we have derived the evolution equation for the full (four-component) Stokes vector varying as the electromagnetic wave propagates in a weakly anisotropic smoothly inhomogeneous medium. As a starting point we used equations of a quasi-isotropic approximation (QIA), which follow in a consequent asymptotic way from Maxwell's equations. The derived equation happens to be similar in form to the equations obtained in [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] for the refractionless case. However, in contrast to the prior results, it stems directly from Maxwell's equations and describes the polarization evolution along curved rays in an anisotropic inhomogeneous medium of the generic type. Transition from the QIA to the Stokes-vector formalism (SVF) has the meaning of a transition from the Jones to Mueller calculus. It is realized through complex fourcomponent vector, which gives the decomposition of the Jones matrix with respect to Pauli matrices. In these terms, the equation for the Stokes-vector evolution takes the elegant form of the relativistic spin precession equation. As a result, the SVF acquires all the merits of the QIA. Although both approaches under consideration are equivalent (up to a total phase), the SVF can be much more appropriate and beneficial in some problems. In particular, it naturally describes complex non-Abelian polarization evolution on the Poincaré sphere and mutual conversion of normal modes in a weakly anisotropic inhomogeneous medium. We have applied our general theory for analysis of the polarization evolution in a magnetized plasma and illustrated fundamental features of the polarization evolution by simple characteristic examples. Note that evolution of polarization in inhomogeneous weakly anisotropic media can also be described through an approach alternative to both QIA and SVF, namely, via the complex polarization angle [43] . Finally, in this paper we considered only polarization variations, neglecting small double-refraction effects in weakly anisotropic inhomogeneous media; the analysis of the latter can be found in [22] . Recent papers [44, 45] with related arguments on Stokes-vector evolution in anisotropic media came to our attention after the submission of this work. Paper [44] discusses the evolution of the three-component Stokes vector and similarity with the quantum-mechanical formalism; cf. [22] . Evolution of the four-component Stokes vector is analyzed in [45] , where a similarity with the evolution of momentum of a relativistic particle is established.
